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Abstract
We consider a general analysis and a specific ansatz for the study of non-supersymmetric
solutions in arbitrary dimensions and various metric signatures. In all cases, we find
that the conditions on the solutions can be written in terms of quadratic forms involving
the gauge coupling of the theory and constants of integration associated with the scalar
fields. Depending on the signature of the metric, our analysis should provide a general
framework for finding non-extremal black holes, instantons, branes and S-branes.
1 Introduction
Gravitational supergravity solutions admitting fractions of supersymmetry in various
spacetime dimensions and particularly in four and five dimensions have been a subject
of intense research activities in recent years (see for example [1]). The earliest system-
atic work in this direction is that of Tod [2] where solutions of Einstein-Maxwell theory,
(D = 4, N = 2 minimal supergravity) admitting parallel spinors were classified. The
solutions with time-like Killing vectors are the IWP solutions [3], for which the static
limit is the MP solution [4]. Their generalisations to supergravity theories coupled to
vector multiplets were performed in [5, 6]. As a consequence of [7], it is well-understood
how such solutions appear in the context of the general classification of supersymmet-
ric solutions in four dimensions. For N = 2, d = 5 supergravity with vector multiplets,
general electrically and magnetically charged string solutions were initially considered in
[8, 9, 10]. Later, a systematic classification of five-dimensional supersymmetric solutions
was considered in [11, 12]. Non supersymmetric solutions in five dimensions were first
considered in [13] where an explicit electrically charged solution for the so-called STU
model was given. More analysis of non-supersymmetric solutions was later presented in
[14] which also included the study of non-supersymmetric magnetically charged string
solutions. Moreover, specific examples of non-extremal solutions were presented in [15].
More recently, some attention was given to the study of supersymmetric gravitational
instanton solutions to the Euclidean Einstein equations of motion. Recent work on grav-
itational instantons considered the Euclidean analogues of the IWP metrics [16, 17] as
well as solutions for theories with cosmological constant. Euclidean versions of N = 2,
d = 4 supergravity theories have been constructed in [19] via the dimensional reduction
of N = 2, d = 5 supergravity theories on a time-like circle. Gravitational instanton solu-
tions for these Euclidean theories were obtained in [18] via the analysis of the Euclidean
Killing spinor equations [20]. These supersymmetric gravitational instanton solutions can
be thought of as the Euclidean analogues of the black hole solutions found in [6].
In our present work we consider a general analysis and a specific ansatz for non-
supersymmetric solutions in arbitrary dimensions. Depending on the signature of the
metric, our present analysis should provide a general framework for finding non-extremal
black holes, instantons, branes and S-branes. The examples given are electric and mag-
netic solutions in four and five dimensions. For all these examples, all equations of motion
are reduced to two algebraic conditions which depend on the gauge coupling structure of
the theory. For electrically charged solutions, the equations are reduced to
QIJSIJ = 0, ∂iQ
IJSIJ = 0 (1.1)
while for magnetic solutions one obtains
QIJφ
IJ = 0, ∂iQIJφ
IJ = 0 (1.2)
where QIJ is the gauge coupling, SIJ and φ
IJ are related to the constants and charges
appearing in the solutions, and ∂i denotes variation with respect to the scalar fields of
the theory in question.
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We organise our work as follows. The next section contains our general analysis for the
non-extremal electric and magnetic solutions in arbitrary dimensions. Section 3 contains
examples of four-dimensional solutions for black holes, instantons and time-dependent
solutions. In section 4, five-dimensional solutions are considered.
2 General Solutions: Analysis of Einstein Equations
Consider a general d-dimensional gravity coupled to scalar fields φi, and ℓ-form gauge
field strengths F I , with action
Ld =
√
|g|
(
R− Gij∇Mφi∇Mφj − 1
2ℓ!
Q˜IJ(F I)M1...Mℓ(FJ)M1...Mℓ
)
+ LCS (2.1)
Gij , Q˜IJ are functions of the scalar fields φi, and LCS is a Chern-Simons term, whose
structure depends on the theory in question.
The Einstein field equations are
RMN = Gij∇(Mφi∇N)φj + 1
2(ℓ− 1)!Q˜IJ(F
I)(M |N1...Nℓ−1|(FJ)N)N1...Nℓ−1
+
1
2ℓ!
(
ℓ− 1
2− d
)
Q˜IJ(F I)N1...Nℓ(FJ)N1...NℓgMN (2.2)
We shall consider the following ansatz for the metric:
ds2 = ǫ0e
2V dτ 2 + e2U1ds2(M1) + e2U2ds2(M2) (2.3)
where M1, M2 are n1 and n2 dimensional Einstein manifolds with co-ordinates xµ, µ =
1, . . . , n1; x
a, a = 1, . . . n2 respectively, also d = 1 + n1 + n2 and ǫ0 = ±1. We take
ds2(M1) = ηµνdxµdxν , ds2(M2) = habdxadxb (2.4)
where ηµν depends only on the x
ρ co-ordinates, and hab depends only on the x
c co-
ordinates. The Ricci tensors of M1, M2 are
(R1)µν = k1ηµν , (R
2)ab = k2hab (2.5)
for constants k1, k2. We also take V = V (τ), U1 = U1(τ), U2 = U2(τ).
The metric signature is mostly positive. We set ǫi = 1, ǫi = −1 according as to
whetherMi is Riemannian or pseudo-Riemannian respectively, for i = 1, 2. So Lorentzian
solutions have exactly one of ǫ0, ǫ1, ǫ2 to be −1, with the remaining two equal to +1.
Instanton solutions have ǫ0 = ǫ1 = ǫ2 = 1.
We remark that the τ co-ordinate can be chosen in such a way that
V = c + n1U1 + n2U2 (2.6)
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for constant c. With this choice, the non-zero components of the d-dimensional Ricci
tensor simplify somewhat, and one obtains
Rττ = −∂2τV + (∂τV )2 − n1 (∂τU1)2 − n2 (∂τU2)2
Rµν =
(
k1 − ǫ0e2(U1−V )∂2τU1
)
ηµν
Rab =
(
k2 − ǫ0e2(U2−V )∂2τU2
)
hab . (2.7)
2.1 Electric Solutions
For electric solutions, we take the F I to be (n1 + 1)-forms with
F I = qI(τ)dτ ∧ dvol(M1). (2.8)
In particular, it will be useful to define
F = Q˜IJ(F I)N1...Nℓ(FJ)N1...Nℓ = ǫ0ǫ1(n1 + 1)!e−2(V+n1U1)Q˜IJqIqJ (2.9)
Then the Einstein equations simplify to
− ∂2τV +(∂τV )2−n1 (∂τU1)2− n2 (∂τU2)2 = Gij∂τφi∂τφj +
ǫ0(1− n2)
2(n1 + 1)!(1− n1 − n2)e
2VF ,
(2.10)
and
k1 − ǫ0e2(U1−V )∂2τU1 =
(1− n2)
2(n1 + 1)!(1− n1 − n2)e
2U1F , (2.11)
and
k2 − ǫ0e2(U2−V )∂2τU2 =
n1
2(n1 + 1)!(1− n1 − n2)e
2U2F . (2.12)
On eliminating F from (2.11) and (2.12) one obtains
n1k1e
2(V−U1) + (n2 − 1)k2e2(V−U2) − ǫ0∂2τ (n1U1 + (n2 − 1)U2) = 0. (2.13)
We shall further simplify this equation by setting
k1 = 0 (2.14)
so that on making the definition,
σ = n1U1 + (n2 − 1)U2 (2.15)
and using (2.6), the condition (2.13) is equivalent to
∂2τσ = ǫ0(n2 − 1)k2e2ce2σ. (2.16)
This equation can be integrated up to obtain
(∂τσ)
2 = ǫ0(n2 − 1)e2c(k2e2σ + χ) (2.17)
3
for constant χ. There are then two possibilities. In the first case, if k2 and χ are not
both zero, then it is convenient to change co-ordinates from τ to σ, and the metric can
be written as
ds2 = e2U2
(
1
(n2 − 1)
e2σ
k2e2σ + χ
dσ2 + ds2(M2)
)
+ e2U1ds2(M1) (2.18)
where U1 = U1(σ) and U2 = U2(σ) are related by (2.15).
The remaining content of the Einstein equations can be rewritten, eliminating V and
U2 in favour of U1:
k2e
2σ∂σU1 + (k2e
2σ + χ)∂2σU1 =
1
2(n1 + 1)!(1− n1 − n2)e
2n2σ
n2−1
−
2n1U1
n2−1 F (2.19)
and
n2χ− n1(n1 + n2 − 1)(k2e2σ + χ) (∂σU1)2 = (n2 − 1)(k2e2σ + χ)Gij∂σφi∂σφj
+
1
2(n1 + 1)!
e
2n2σ
n2−1
−
2n1U1
n2−1 F . (2.20)
In the second case, if k2 = χ = 0, then the metric is
ds2 = e
−
2n1U
n2−1
(
ǫ0dτ
2 + ds2(M2)
)
+ e2Uds2(M1) (2.21)
where U(τ) satisfies
∂2τU = −
ǫ0(1− n2)
2(n1 + 1)!(1− n1 − n2)e
2(c+n1U1)
1−n2 F (2.22)
and
n1(n1 + n2 − 1)
1− n2 (∂τU)
2 = Gij∂τφi∂τφj + ǫ0
2(n1 + 1)!
e
2(c+n1U1)
1−n2 F . (2.23)
2.2 Magnetic Solutions
For magnetic solutions, we take the F I to be n2-forms with
F I = pIdvol(M2) (2.24)
for constant pI . Again it is useful to define
F = Q˜IJ(F I)N1...Nℓ(FJ)N1...Nℓ = ǫ2(n2)!e−2n2U2Q˜IJpIpJ . (2.25)
The Einstein equations are then
−∂2τV +(∂τV )2−n1 (∂τU1)2−n2 (∂τU2)2 = Gij∂τφi∂τφj+
ǫ0(n2 − 1)
2(n2)!(1− n1 − n2)e
2VF (2.26)
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and
k1 − ǫ0e2(U1−V )∂2τU1 =
(n2 − 1)
2(n2)!(1− n1 − n2)e
2U1F (2.27)
and
k2 − ǫ0e2(U2−V )∂2τU2 = −
n1
2(n2)!(1− n1 − n2)e
2U2F . (2.28)
Again, on eliminating F from between (2.27) and (2.28), one obtains the condition (2.13).
So, on setting k1 = 0 and defining σ as in (2.15), the metric can again be written as (2.18)
or (2.21). The Einstein equations become
k2e
2σ∂σU1 + (k2e
2σ + χ)∂2σU1 = −
1
2(n2)!(1− n1 − n2)e
2
n2−1
(n2σ−n1U1)F (2.29)
and
n2χ− (k2e2σ + χ)
(
n1(n1 + n2 − 1) (∂σU1)2 + (n2 − 1)Gij∂σφi∂σφj
)
= − 1
2(n2)!
e
2
n2−1
(n2σ−n1U1)F . (2.30)
In the special case k1 = k2 = χ = 0, then the magnetically charged solution is given
by
ds2 = e
−2
n1U
n2−1
(
ǫ0dτ
2 + ds2(M2)
)
+ e2Uds2(M1) (2.31)
where in these cases both M1and M2 are Ricci-flat manifolds. The Einstein’s equations
reduce to
−n1 (n1 + n2 − 1) (∂τU)
2
(n2 − 1) = Gij∂τφ
i∂τφ
j − ǫ0
2(n2)!
e
−2
n1U
n2−1F
∂2τU = −
(n2 − 1)ǫ0
2(n2)!(1− n1 − n2)e
−2
n1U
n2−1F . (2.32)
3 Four-Dimensional Examples
In this section we will consider four-dimensional examples. For convenience, we shall
first recall some aspects of special geometry [21] for Lorentzian and Euclidean signatures.
The Euclidean versions of the special geometries can be obtained from the standard
counterparts by replacing i by e which satisfies e2 = 1 and e¯ = −e. All fields in the
Euclidean theory can be written in the form
φ = Reφ+ e Imφ, φ¯ = Reφ− e Imφ. (3.1)
Further details on para-complex geometry, para-holomorphic bundles, para-Ka¨hler man-
ifolds and affine special para-Ka¨hler manifolds can be found in [22]. The theory of un-
gauged N = 2, D = 4 supergravity theories can be described by the Lagrangian
L4 =
√
|g|
[
R− 2QIJ∂µXI∂µX¯J + 1
2
(
ImNIJF I · FJ + ReNIJF I · F˜J
) ]
. (3.2)
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The theory has n + 1 gauge fields AI , (F I = dAI) and n scalars za. The scalar fields are
complex for (1, 3) signature and para-complex for (0, 4) signature
za = Re za + iǫ Im z
a (3.3)
Here iǫ = i for the (1, 3) signature and iǫ = e for (0, 4) signature, i
2
ǫ = ǫ. We also have
QIJ∂µX
I∂µX¯J = gab¯∂µz
a∂µz¯b (3.4)
where gab¯ = ∂a∂b¯K is the Ka¨hler metric and K is the Ka¨hler potential.
The coordinates XI are related to the covariantly holomorphic sections
V =
(
LI
MI
)
, I = 0, ..., n
Da¯V =
(
∂a¯ − 1
2
∂a¯K
)
V = 0. (3.5)
obeying the constraint
iǫ〈V, V¯ 〉 = iǫ
(
L¯IMI − LIM¯I
)
= 1, (3.6)
by
Ω = e−K/2V =
(
XI
FI
)
, ∂a¯Ω = 0. (3.7)
The Ka¨hler potential is given by
e−K = iǫ
(
X¯IFI −XIF¯I
)
. (3.8)
We also have the relations
MI = NIJLJ , DaMI = N¯IJDaLI
Da =
(
∂a +
1
2
∂aK
)
. (3.9)
Note that the N = 2 supergravity models can be described in terms of a holomorphic
homogeneous prepotential F = F (XI) of degree two. In this case FI =
∂F
∂XI
, FIJ =
∂F
∂XI∂XJ
, etc. We note the following useful relations
F =
1
2
FIX
I , FI = FIJX
J ,
XIFIJK = 0,
XIFIJKL = −FJKL,
FI∂µX
I −XI∂µFI = 0,
gab¯DaLIDb¯L¯J = −
1
2
(ImN )IJ − L¯ILJ . (3.10)
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The scalar and gauge couplings are given by [19]
NIJ = F¯IJ − ǫ iǫ
(XNX)
(NX)I(NX)J
QIJ = e
KNIJ + e
2K(NX¯)I(NX)J (3.11)
where
NIJ = iǫ
(
F¯IJ − FIJ
)
, (3.12)
and we use the notation (NX)I = NIJX
J , (NX¯)I = NIJX¯
J , XNX = XIXJNIJ .
3.1 Four-Dimensional Electric Solutions
The electrically charged solutions are characterised by real scalar fields XI and purely
imaginary prepotential F . Using the general results of the previous section, taking n1 = 1
and n2 = 2; when k2 and χ are not both zero, the four-dimensional metric can be written
in the form
ds2 = e−2U
[
e4σ
k2e2σ + χ
dσ2 + e2σds2(M2)
]
+ ǫ1e
2Udρ2 (3.13)
where we have set U = U1, U2 = σ − U , and M2 is a two-dimensional Einstein manifold.
The gauge fields are F I = F Iσρdσ ∧ dρ, with gauge field equations
∂σ
(
e−2U
√
|k2e2σ + χ| ImNIJF Iσρ
)
= 0 . (3.14)
It follows that
ImNIJFJσρ =
e2U√|k2e2σ + χ|qI
ImNIJF IσρFJσρ = ǫ1ǫ0 ImN IJe4U−4σqIqJ (3.15)
for constant qI . Moreover, the Einstein equations reduce to
XI
(
(k2e
2σ + χ)∂2σ ImFI + k2e
2σ∂σ ImFI − χ ImFI
)
= 0 (3.16)
and
ImN IJ
[
(k2e
2σ + χ)∂σ ImFI∂σ ImFJ − χ ImFI ImFJ − ǫ1ǫ0
4ǫ
qIqJ
]
= 0 (3.17)
where we have used the relations coming from special geometry
QIJ∂σX
I∂σX
J =
1
2F
(
(∂σF )
2
2F
− ∂2σF +XI∂2σFI
)
NIJ∂σXI∂σXJ = N IJ∂σFI∂σFJ = (∂σF )
2
F
− ∂2σF +XI∂2σFI (3.18)
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as well as the ansatz
e−2U = 4iǫF . (3.19)
The equations (3.16) and (3.17) can be solved by taking
2 ImFI = AI
√
|k2 + χe−2σ|+BIe−σ (3.20)
for constants AI , BJ , which must satisfy the relation
ImN IJ
(
k2 (ǫ0χAIAJ − BIBJ) + ǫ1ǫ0
ǫ
qIqJ
)
= 0 . (3.21)
Turning to the scalar equations of motion, this gives for our ansatz, after some calcu-
lation, the following equation
∂aImN IJ
(
k2 (ǫ0χAIAJ − BIBJ) + ǫ0ǫ1
ǫ
qIqJ
)
= 0 . (3.22)
As special cases, one can consider the solutions for which k2 6= 0 and χ = 0,
ds2 = e−2U
[
1
k2
dσ2 + e2σds2(M2)
]
+ ǫ1e
2Udρ2 (3.23)
then we find
ImFI = AI +BIe
−σ (3.24)
for constants AI , BI , and the remaining content of the Einstein and scalar equations is
ImN IJ
(
BIBJ − ǫ1ǫ0
4k2ǫ
qIqJ
)
= 0 , (3.25)
and
∂aImN IJ
(
BIBJ − ǫ1ǫ0
4k2ǫ
qIqJ
)
= 0 . (3.26)
Another special class of solutions for k2 = 0 and χ 6= 0,
ds2 = e−2U
[
e4σ
χ
dσ2 + e2σds2(M2)
]
+ ǫ1e
2Udρ2 . (3.27)
then the solution is given by
ImFI = AIe
σ +BIe
−σ (3.28)
for constants AI , BI , and the remaining content of the Einstein and scalar equations is
ImN IJ
(
2 (BJAI +BIAJ) +
ǫ1ǫ0
4χǫ
qIqJ
)
= 0 , (3.29)
and
∂aImN IJ
(
2 (BJAI +BIAJ) +
ǫ1ǫ0
4χǫ
qIqJ
)
= 0 . (3.30)
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The remaining class of electrically charged solution, with k1 = k2 = χ = 0, is given by
ds2 = e−2U
(
ǫ0dτ
2 + ds2(M2)
)
+ ǫ1e
2Udρ2 . (3.31)
In this case, the remaining content of the Einstein equations, again written in terms of
U , is
∂2τU =
ǫ1
2
e2U ImN IJqIqJ
− (∂τU)2 + ∂2τU = QIJ∂τXI∂τXJ . (3.32)
Again using the relations (3.18) but with the derivatives taken with respect to τ , together
with the ansatz (3.19), the Einstein equations are equivalent to
ImN IJ
(
∂τ ImFI∂τ ImFJ − ǫǫ1
4
qIqJ
)
= 0
XI∂2τFI = 0 . (3.33)
We solve these equations by taking
ImFI = AI +BIτ (3.34)
for constants AI , BI so the Einstein equations reduce to
ImN IJ
(
BIBJ − 1
4
ǫǫ1qIqJ
)
= 0 . (3.35)
The scalar equation also reduces to
∂a ImN IJ
(
∂τ ImFI∂τ ImFJ − 1
4
ǫǫ1qIqJ
)
= 0. (3.36)
which gives the condition
∂a ImN IJ
(
BIBJ − 1
4
ǫǫ1qIqJ
)
= 0 . (3.37)
3.2 Four-Dimensional Magnetic Solutions
For magnetic solutions with k2 and χ not both zero, we take the both the scalars X
I and
the prepotential F to be purely imaginary, with n1 = 1 and n2 = 2. We then find from
the Einstein equations
FI
[
k2e
2σ∂σ ImX
I + (k2e
2σ + χ)∂2σ ImX
I − χ ImXI] = 0 (3.38)
and
ImNIJ
[
χ ImXJ ImXI − (k2e2σ + χ)∂σ ImXI∂σ ImXJ + ǫ2
4
pIpJ
]
= 0 (3.39)
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where we have taken
e−2U = −4iǫF (3.40)
The first equation can be solved by taking
2 ImXI = AI
√
|k2 + χe−2σ|+BIe−σ (3.41)
The remaining content of the Einstein and scalar equations can then be written in
terms of the constants AI , BI as
ImNIJ
(
k2(ǫ0χA
IAJ − BIBJ) + ǫ2pIpJ
)
= 0 , (3.42)
and
∂aImNIJ
(
k2(ǫ0χA
IAJ − BIBJ) + ǫ2pIpJ
)
= 0. (3.43)
A special class of solutions is when k2 6= 0 and χ = 0, then a solution is given by
ImXI = AI +BIe−σ
ImNIJ
(
BIBJ − 1
4k2
ǫ2p
IpJ
)
= 0
∂a ImNIJ
(
BIBJ − 1
4k2
ǫ2p
IpJ
)
= 0 . (3.44)
Another special class of solutions is when k2 = 0 and χ 6= 0, for which a solution is
given by
ImXI = AIeσ +BIe−σ
ImNIJ
(
AIBJ + AJBI +
ǫ2
8χ
pIpJ
)
= 0
∂a ImNIJ
(
AIBJ + AJBI +
ǫ2
8χ
pIpJ
)
= 0 . (3.45)
For the class of magnetic solutions where k1 = k2 = χ = 0, then the solution is given
by
ds2 = ǫ0e
−2Udτ 2 + e2Udρ2 + e−2Uds2(M2) (3.46)
Taking the ansatz
e−2U = −4iǫF (3.47)
the Einstein equations imply
FI∂
2
τ ImX
I = 0
ImNIJ
(
∂τ ImX
I∂τ ImX
J − ǫ0ǫ2
4
pIpJ
)
= 0 . (3.48)
10
The first of these equations can be satisfied by setting
ImXI = AI +BIτ (3.49)
for real constants AI , BI . The remaining content of the Einstein equations, and of the
scalar equations, is then given by
ImNIJ
(
BIBJ − 1
4
ǫ0ǫ2p
IpJ
)
= 0 , (3.50)
and
∂aImNIJ
(
BIBJ − 1
4
ǫ0ǫ2p
IpJ
)
= 0. (3.51)
4 Five-Dimensional Examples
The Lagrangian of the five-dimensional N = 2 supergravity theory with an arbitrary
number of vector multiplets is given by [23]
L5 =
√
|g|
[
R− 1
2
QIJF
I
µνF
µνJ − gij∂µφi∂µφj − 1
24
ǫµνρστCIJKF
I
µνF
J
ρσA
K
τ
]
. (4.1)
In very special geometry, one has the fields XI = XI(φ), the so called special coordinates
satisfying
V = XIXI = 1
6
CIJKX
IXJXK = 1 (4.2)
where, XI are the dual coordinates. The gauge coupling metric QIJ and the metric gij
depend on the scalar fields via the relations
QIJ =
9
2
XIXJ − 1
2
CIJKX
K
gij = QIJ
∂XI
∂φi
∂XJ
∂φj
|V=1. (4.3)
We also note the useful relations
QIJX
J =
3
2
XI , QIJ∂iX
J = −3
2
∂iXI . (4.4)
The gauge and scalar equations of motion are
∂µ
(√
|g|QIJF Iµν
)
+
1
16
ǫνρσµτCIJKF
J
ρσF
K
µτ = 0 (4.5)
and √
|g|∂iQIJ
[
1
2
F IµνF
µνJ + ∂µX
I∂µXJ
]
− 2∂µ
(√
|g|QIJ∂µXJ
)
∂iX
I = 0 . (4.6)
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4.1 Five-Dimensional Electric solutions
For electrically charged solutions, with n1 = 1, n2 = 3, the metric can be written as
ds2 = eσ−U
[
e2σ
2 (k2e2σ + χ)
dσ2 + ds2(M2)
]
+ ǫ1e
2Udρ2 . (4.7)
The gauge fields are given by F I = F Iσρdσ ∧ dρ, and the gauge equations imply
∂σ
(
e−2U
√
|k2e2σ + χ|QIJF Iσρ
)
= 0 . (4.8)
We thus have
e−2U
√
|k2e2σ + χ|QIJF Iσρ = −
1
2
qI (4.9)
for constants qI . The Einstein equations are given by
k2e
2σ∂σU + (k2e
2σ + χ)∂2σU = −
ǫ0ǫ1
6
e2UQIJqIqJ
χ− (k2e2σ + χ) (∂σU)2 = 2
3
(k2e
2σ + χ)QIJ∂σX
I∂σX
J +
ǫ0ǫ1
6
e2UQIJqIqJ . (4.10)
We shall set
XI =
1
3
eUfI . (4.11)
Then from the equations of very special geometry (4.2) we obtain
e−U =
1
3
fIX
I . (4.12)
Moreover using very special geometry we obtain the following relations
QIJ∂σX
I∂σX
J =
3
2
XI∂2σXI =
1
2
(
3∂2σU − 3 (∂σU)2 +XIeU∂2σfI
)
QIJ∂σX
I∂σX
J =
9
4
QIJ∂σXI∂σXJ =
1
2
(
−3 (∂σU)2 + 1
2
QIJe2U∂σfI∂σfJ
)
. (4.13)
Then the Einstein equations can be rewritten as
XI
(
k2e
2σ∂σfI + (k2e
2σ + χ)∂2σfI − χfI
)
= 0
QIJ
(
(k2e
2σ + χ)∂σfI∂σfJ − χfIfJ + ǫ0ǫ1qIqJ
)
= 0 (4.14)
which can be solved by taking
fI = AI
√
|k2 + χe−2σ|+BIe−σ (4.15)
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for constants AI , BI , with the condition
QIJ [k2 (χǫ0AIAJ −BIBJ)− ǫ0ǫ1qIqJ ] = 0 . (4.16)
Using the relations of very special geometry, and in particular
∂iX
I =
3
4
∂iQ
IJXJ (4.17)
then the scalar equation of motion gives
∂iQ
IJ
[
− ǫ0ǫ1
k2e2σ + χ
qIqJ − ∂σfI∂σfJ +
(
∂2σfI
)
fJ +
k2e
2σ
(k2e2σ + χ)
∂σfIfJ
]
= 0 . (4.18)
This reduces to
∂iQ
IJ [k2 (ǫ0χAIAJ −BIBJ)− ǫ0ǫ1qIqJ ] = 0 . (4.19)
For the special case when k2 = 0, χ 6= 0, we obtain the solution
fI = AIe
σ +BIe
−σ
QIJ
(
AIBJ + AJBI − ǫ0ǫ1
2χ
qIqJ
)
= 0
∂iQ
IJ
(
AIBJ + AJBI − ǫ0ǫ1
2χ
qIqJ
)
= 0 . (4.20)
For the case when k2 6= 0, χ = 0, we obtain the solution
fI = AI +BIe
−σ
QIJ
(
BIBJ +
ǫ0ǫ1
k2
qIqJ
)
= 0
∂iQ
IJ
(
BIBJ +
ǫ0ǫ1
k2
qIqJ
)
= 0 . (4.21)
For the cases of electric solutions with k1 = k2 = χ = 0, the metric is given by
ds2 = e−U
(
ǫ0dτ
2 + ds2(M2)
)
+ e2Uds2(M1) . (4.22)
In this case, the content of the Einstein equations is given by
−3
2
(∂τU)
2 +
3
2
∂2τU = QIJ∂τX
I∂τX
J
∂2τU = −
ǫ0
6
e−UF . (4.23)
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On setting
XI =
1
3
eUfI
QIJF
I
σρ = −
e2U
2
qI , (4.24)
and using special geometry, we have the following conditions
XI∂2τfI = 0
QIJ (∂σfI∂σfJ + ǫ1qIqJ ) = 0 . (4.25)
These equations are solved by
fI = AI +BIτ (4.26)
and the remaining content of the Einstein and scalar equations is
QIJ (BIBJ + ǫ1qIqJ) = 0
∂iQ
IJ (BIBJ + ǫ1qIqJ) = 0 . (4.27)
4.2 Five-Dimensional Magnetic solutions
For magnetic solutions, taking n1 = n2 = 2, the F
I are 2-forms with
F I = pIdvol(M2) (4.28)
for constant pI . In this case, the metric is
ds2 = e−4U
[
e4σ
k2e2σ + χ
dσ2 + e2σds2(M2)
]
+ e2Uds2(M1) . (4.29)
The Einstein equations are then given by
k2e
2σ∂σU + (k2e
2σ + χ)∂2σU =
1
3
e4Uǫ2QIJp
IpJ
2χ− 6(k2e2σ + χ) (∂σU)2 = (k2e2σ + χ)QIJ∂σXI∂σXJ − ǫ2e4UQIJpIpJ . (4.30)
We also set
XI = e2Uf I . (4.31)
Using very special geometry we obtain from the Einstein equations
XI
(
(k2e
2σ + χ)∂2σf
I + k2e
2σ∂σf
I − 4
3
χf I
)
= 0 (4.32)
and
QIJ
(
(k2e
2σ + χ)∂σf
I∂σf
J − 4
3
χf IfJ − ǫ2pIpJ
)
= 0 . (4.33)
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Furthermore, the scalar field equations, after making use of several very special geom-
etry relations, can be written as
∂iQIJ
(
ǫ2p
IpJ − (k2e2σ + χ)∂σf I∂σfJ + k2e2σf I∂σfJ + (k2e2σ + χ)f I∂2σfJ
)
= 0 . (4.34)
We solve (4.32) by setting
(k2e
2σ + χ)∂2σf
I + k2e
2σ∂σf
I − 4
3
χf I = 0 (4.35)
and on substituting (4.35) into (4.34) the remaining conditions are (4.33) together with
(4.34), which can be rewritten as
∂iQIJ
(
(k2e
2σ + χ)∂σf
I∂σf
J − 4
3
χf IfJ − ǫ2pIpJ
)
= 0 . (4.36)
The solution to (4.35) depends on the sign of ǫ0χ. If ǫ0χ > 0 then we find
f I = AI (J)−
√
1
3 +BI (J)+
√
1
3 (4.37)
for real constants AI , BI , where
J =
(
1 +
√
1 + k2
χ
e2σ
)
(
1−
√
1 + k2
χ
e2σ
) . (4.38)
On substituting (4.37) into (4.33), and (4.36 ) we find
QIJ
[
8
3
χ
(
AIBJ +BIAJ
)
+ ǫ2p
IpJ
]
= 0 (4.39)
and
∂iQIJ
[
8
3
χ
(
AIBJ +BIAJ
)
+ ǫ2p
IpJ
]
= 0 . (4.40)
If however ǫ0χ < 0 then one finds
f I = AIK
1√
3 + A¯IK
− 1√
3 (4.41)
for complex constants AI , where
K =
[√
−1− k2
χ
e2σ − i
]
[√
−1− k2
χ
e2σ + i
] . (4.42)
On substituting (4.41) into (4.33), and (4.36) we find
QIJ
[
8
3
χ
(
AIA¯J + A¯IAJ
)
+ ǫ2p
IpJ
]
= 0 (4.43)
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and
∂iQIJ
[
8
3
χ
(
AIA¯J + A¯IAJ
)
+ ǫ2p
IpJ
]
= 0 . (4.44)
For χ = 0, k2 6= 0, the solution is given by
f I = AI +BIe−σ
QIJ
(
BIBJ − ǫ2
k2
pIpJ
)
= 0
∂iQIJ
(
BIBJ − ǫ2
k2
pIpJ
)
= 0 , (4.45)
for real constants AI , BI .
For χ 6= 0, k2 = 0, the solution is given by
f I = AIe−
√
4
3
σ +BIe
√
4
3
σ
QIJ
[
8
3
(
AIBJ +BJAI
)
+
ǫ2
χ
pIpJ
]
= 0
∂iQIJ
[
8
3
(
AIBJ +BJAI
)
+
ǫ2
χ
pIpJ
]
= 0 , (4.46)
for real constants AI , BI .
Finally the magnetic solutions with both M1 and M2 Ricci-flat and χ = 0, are given
by
ds2 = e−4U
(
ǫ0dτ
2 + ds2(M2)
)
+ e2Uds2(M1). (4.47)
In this case Einstein’s equations reduce to
−6 (∂τU)2 + 3∂2τU = QIJ∂τXI∂τXJ
∂2τU =
ǫ0
3
e4U ǫ2QIJp
IpJ . (4.48)
Again using the ansatz
XI = e2Uf I , (4.49)
these equations reduce to
X2I ∂
2
τf
I = 0
QIJ
(
∂τf
I∂τf
J − ǫ0ǫ2pIpJ
)
= 0 (4.50)
which can be solved by
f I = AI +BIτ (4.51)
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and the remaining content of the Einstein and scalar equations is
QIJ
(
BIBJ − ǫ0ǫ2pIpJ
)
= 0 , (4.52)
and
∂iQIJ
(
BIBJ − ǫ0ǫ2pIpJ
)
= 0 . (4.53)
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